CHAIN SEQUENCES AND ORTHOGONAL POLYNOMIALS

BY
T. S. CHIHARA

1. Introduction. An important characterization of real orthogonal poly-
nomials is the classical three term recurrence formula,

P.(x) = (x = ¢a) Po—1(x) — A Pu_2(x),
1.1) P_i(x) =0, Py(x) =1,

¢, real, Ay1 >0 n=1,2,3---).
More precisely, let {P,.(x)} be a sequence of polynomials, P,(x) of degree
n(n=0,1,2, - - . ), standardized by the condition that the leading coefficient

of P,(x) is unity. Then a necessary and sufficient condition that the P,(x)
satisfy an orthogonality relation of the form

(1.2) fme(x)P,.(x)d\P(x) =0 (m #~ n)

—o0

where ¥ is a distribution (bounded, nondecreasing) function with an infinite
spectrum (set of points of increase) is that (1.1) holds for some {c,}, {\.}
(for example, see [9, p. 41; 3]). The P,(x) are the denominators of the nth
convergents of the “associated” continued fraction

M N

IZ—C; IZ—C2 IZ"“Ca

(1.3) K(z) =

and the above results also follow from the classical theory of continued frac-
tions (for example, see [10] and the remarks in [5]).

In view of this, it seems natural to attempt a study of the properties of
the polynomials, P,(x), as determined by the coefficients, ¢, and \,. One ap-
proach to such an investigation is of course through the study of the con-
vergence of the continued fraction (1.3). In this paper, however, we shall
avoid direct reference to the theory of continued fractions although we shall
make fairly extensive use of the results from the problem of moments. In-
stead, our investigation centers upon the “true” interval of orthogonality of
{P,.(x)}. [By the “true” interval of orthogonality, we mean, following
Shohat (see [5; 6, p. 113]), the smallest interval which contains in its interior
all zeros of all P,(x).] In this connection, the “chain sequences” of Wall [10]
arise naturally and play a fundamental role. Thus our study is largely
“arithmetical” in character.

Throughout this paper, “orthogonal polynomials” means polynomials
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orthogonal with respect to a distribution with an infinite spectrum,

2. Some preliminary relations. Given (1.1), assume that the “true” inter-
val of orthogonality of {P,.(x) } is (a, b) C(0, »). Then there exists a distribu-
tion, dy(x), whose spectrum is a subset of [a, b] with respect to which the
P,.(x) are orthogonal. Let Q,(x) denote the unique nth degree polynomials
with leading coefficients unity which are orthogonal on (a, b) with respect to
the distribution, xdy(x). Then there are real constants, d, and v,11>0 (n=1),

such that
(2.1) Qn(x) = (x — @) Qn—1(%) — v2Qn—2(%) n=12--+),
) Q0-1(x) = 0, v; arbitrary.

Next define polynomials, R,(x), by

R (x) = Pa(x?),
(2.2) (%) = (n=012---).
Ronia(x) = 2Qa(x?),
Then it is readily verified from the orthogonality properties of the P,(x) and
Qn.(x) that the R,(x) are orthogonal on (—5'/2, b*/?) with respect to the dis-
tribution

dé(x) = (sgn x)dy(x?), —b'? < x < b2
Thus there exist constants, v,>0 (z=2), such that
(2.3) R.(%) = xRn1(x) — YaRn2(x) (n=1,2---),
) R_i(x) =0, v1 = 0 (for later convenience).

Conversely, given the R,(x) satisfying (2.3), we obtain the P,(x) and Q.(x)
satisfying (1.1) and (2.1), respectively, by means of (2.2). Moreover, we can
easily derive explicit relations among the coefficients in (1.1), (2.1), and (2.3)
as follows.

Write (2.3) with % replaced by 2z and use (2.2) to obtain

(2.4) Pp(2) = 2Qn—1(x) — Y20 Pru-1(2) (n=1,2,---).
Similarly, replace # by 2n-+1 in (2.3) and use (2.2)'to obtain
(2.5) Qn(x) = Pn(x) - 'Y2n+lQn—l(x) (n = O) 1) ttt )'

Now eliminate P,(x) from (2.5) by means of (2.4). Then use (2.5) with =
replaced by »—1 to eliminate P,_i(x) and obtain

Qu(®) = (* = Y20 — Y2u41)Qn1(%) — Y2u-172a0n—2() (n=1,2,---).
In the same way, we also obtain
Po(x) = (& — Yono1 — Yon) Pa1(2) — Yon—2Y20—1Pra() (n=1,2,---).
Comparison of the last two relations with (1.1) and (2.1) yields
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(2.6) Cn = Yan—1+ Yon, Aoyl = Y2n¥ont1 (v1=0),
(n=1,2---).
(27) d, = vyou + Yen41, Vptl = Yon41Y2n+2

The relations (2.6) and (2.7) are identical with those connecting the
coefficients in a “corresponding” continued fraction of Stieltjes and the “asso-
ciated” continued fraction obtained by contraction (e.g., see [5, §2]). The
Q.(x) are the “kernel polynomials” associated with the P,(x) and (2.6) and
(2.7) have been given in this connection by Stiefel [7, §5] (without reference
to the R,(x), however). Although this usage of the term, “kernel polynomials,”
is perhaps somewhat more restrictive than what is customary in the theory
of orthogonal polynomials (see [9, §3.1]), we will use it in this paper to mean
the polynomials which are orthogonal with respect to a distribution, xdy(x),
where ¢ is a distribution function whose spectrum is an infinite subset of
[0, ).

From the above derivation, it is clear that a necessary and sufficient con-
dition for the polynomials defined by (1.1) to be orthogonal on a subset of
(0, =) is the existence of ¥, y1=0, ¥,>0 (n=2), satisfying (2.6). Similarly,
(2.7) is a necessary and sufficient condition for the polynomials defined by
(2.1) to be kernel polynomials.

Wall has studied sequences {a,}, 0<a,=<1 (n=1), for which there exist
numbers g,, 0=g,=1, such that a,.=(1—g.—1)g. (=1, 2, - - -). Wall calls
such sequences, “chain sequences,” and the g, the “parameters” of the se-
quence. A chain sequence does not, in general, uniquely determine its param-
eter sequence(!) {gi}. Indeed, Wall proves that every chain sequence has
“minimal” and “maximal” parameter sequences, {m,} and { M,}, such that
if {k,} is any parameter sequence for {a,}, then m,<h, <M, (n=0,1, - - - ),
mo=0.

In the remainder of this paper, chain sequences {an}, in which 0<a, <1,
will play a fundamental role, and it will facilitate the work if we note here
some fundamental results due to Wall [10, §§19 and 20], modifying the re-
sults in a few instances to take advantage of the additional restriction, 0
<a,<1.

(W1) If M¢>0, then 0<m,<M, (n=1) and for every ho, 0<ho<M,,
there exists a corresponding parameter sequence, {%,}, such that m, <#,
<M.,.

(W2) A necessary and sufficient condition for a parameter sequence { 2}
to be a maximal parameter sequence is the divergence of the series

(1) Since it will always be clear when We mean a parameter sequence, no confusion shoulg
arise from writing {a.} rather than {a.}, for a chain sequence and {g.} rather than {g.},
for a parameter sequence.
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(W3) If {b,} is a chain sequence with a parameter sequence {k,}, and
if ¢, b, (n=1), then m,<h, =M, (n=0).

(W4) If 0<c.<a, (n21), then {c,} is a chain sequence.

(W5) If a,=a=<1/4 (n=1), then M,=[1+(1—4a)"/?]/2 and limy., 7,
= [1—(1—4a)1/2]/2. Also, 0 <m, <may1 (n21).

If a>1/4, then {a} is not a chain sequence.

Turning now to the relations (2.6), we note that if the v, exist, then
0 <v2n41<Cn41 S0 there exist numbers g,, go=0, 0<g, <1 (2>0), such that
Y2n—1= gn—1Cn (” > O)- Thus Yo = (1 —gn—l)cn and )‘n+l/ (G,.C,.+1) = (1 —gn—l)g»
(nz1). Thus {An41/(CaCar) } is a chain sequence with minimal parameters, g.,.

Similarly, if (2.7) holds, then there exist k,, 0 <k, <1 (n=0), such that
Yon=hn-1dn, Y2n+1= (1 —h,_1)d, and hence {V,,+1/ (@u@nt1) } is a chain sequence
with parameters k, which are not minimal since k0.

Conversely, given (1.1) with ¢,>0 and such that {Nu1/(Cacas1)} is a
chain sequence, then Ap11/(CaCni1) = (1 —kn1)kn (m=1) where, since N\,41>0,
0=<k¢<1l and 0<k,<1 (#>0). Then defining T'ss1=Fk,1c, and T,
= (1—ku-1)Cs, we have

¢n = [an1 + T2y, Any1 = Ton-Tonpa n=1,2,---).

Thus if k=0, then we have (2.6) with v,=T,, while if ky>0, we have equa-
tions of the form (2.7) with 4,41=T,. In the latter case, we can use equations
of the form (2.6) to construct a set of orthogonal polynomials whose kernel
polynomials are the P,(x) satisfying (1.1). Thus we have

THEOREM 1. Let {P,.(x) } be defined by (1.1). A necessary and sufficient
condition for the P.(x) to be orthogonal polynomials whose true interval of orthog-
onality is a subset of (0, ) is that c,>0 and {Nas1/(CaCnr1) } is a chain sequence.
In order that they be kernel polynomials, it is necessary and sufficient that c,>0
and {)\,..H/ (cnc,+1)} 15 @ chain sequence which does not determine its parameters
uniquely.

3. Further study of the kernel polynomials. The preceding suggests fur-
ther study of the case where the chain sequence does not determine its param-
eters uniquely.

We first note that a recurrence formula of the form (1.1) determines a
sequence of moments, u,, up to the values of the ratios, pa/po, and with an
arbitrary choice of we>0, the corresponding Hamburger moment problem
has a solution, ¢ (see Favard’s proof [3]). The P,(x) are then orthogonal with
respect to dy(x) (and we will then speak of ¥ as a distribution function asso-
ciated with {P.(x)}). It will be convenient to assume henceforth that all
distribution functions are normalized; that is, for any distribution function
6 whose spectrum is a subset of [a, b],
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0 x < a,
0(x) = {[0(x + 0) + 6(x — 0)]/2 a<x<b,
6(d) b=«

(with appropriate interpretations if a or b is infinite).

Since the moment problems are essentially equivalent, we will speak of
“the” moment problem associated with (1.1). In case the moment problem
is determined, ¢ is uniquely determined up to an arbitrary positive factor
and we will then speak of “the” distribution function associated with {P,.(x) } .

Now consider {Q,.(x)} defined by (2.1) and assume that d,>0 and
{Vn41/(dndar1) } is a chain sequence which does not determine its parameters
uniquely. Let M= {M,.} denote its maximal parameter sequence, and for
each hg, 0<ho= M,, let h= {h,.} denote the corresponding parameter se-
quence. Now define

h h h
3.1) v1=0, Yo = kosdn, Yony1 = (1 — hn_1)ds n=1,2,--.),
A A h bR
(3-2) Cn = Y2n-1 + Y 2ny >\r’:+l = YonY2n41 (n = 1’ 2) R )-
Let P)(x) denote the polynomials satisfying (1.1) with ¢c,=ch, Aay1=N0y1.
Then since the d, and », clearly satisfy (2.7) with y,=7v2, it follows that
{Qa(x)} is the unique kernel set corresponding to { PA(x)} for every h. With
the present notation, we now prove

THEOREM 2. The polynomials P¥(x) are orthogonal on an interval (a, b)
C(0, =) with respect to a distribution, dy™(x), where Y™ is the solution of a
determined Hamburger moment problem and is continuous at the origin.

For h# M, the PX(x) are orthogonal on (0, b) and a corresponding (nor-
malized) distribution function, Y*, is furnished by

3.3) Yh(x) = ¥M(x) + $M(B) (Mo — ho)/ho, x>0.

The moment problem corresponding to Y is a determined Stieltjes moment prob-
lem if and only if xdyM(x) defines a solution of a determined Stieltjes moment
problem.

Proof. With an obvious definition of RA(x), we have by (2.2) and (2.3),

h A nhh h
P,.(O) = Rﬁn(o) = (""1) 0227 T £ 7Y
hoh I3

A 2 A h b -1 h 2 Y2Y4 © C C Yom
[ 2@ = Drs - Ml [ PO =~

P
375 72n+1

hohy + + - hay
)
(1= ko) -+ - (1 = hu)

. _! w A . © hohl"°hn
[o (0] =§) | £4(0) | =1+,_Zo(1—ho)--°(1—hn).
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Now if p*(0)=0, then {P,'{(x)} corresponds to a determined Hamburger
moment problem and, moreover, the solution to the moment problem is con-
tinuous at 0 [6, Theorem 2.9, Corollary 2.6]. Hence by (W2), the first asser-
tion of the theorem follows.

Now let ¥* be a distribution function associated with {Pﬁ(x)} with a
spectrum which is a subset of [0, ). Then we can assume without loss of
generality that

A M h “ nh
p1 = p where p, =f xdy (%).
0

Since {Q.(x)} is the unique kernel set associated with { P4(x)}, then xdy*(x)

furnishes a distribution for {Q.(x)}. Choosing u® =u, we uniquely deter-

mine the moments u{" associated with {Q.(x)} and we have

Il"('l) =f xn+ld'l/h(x) = l":-{-l (n=0,1,2,--- )
0
It follows that if {y,(,‘)} defines a determined Stieltjes moment problem, then

f ztdqlz"(t) = f Itd‘//M(t) (xz0),

whence for x 20,
i) = [(w0d, 0 = v - ),
0

Since w" is of bounded variation, it is continuous, hence absolutely continuous
on every interval [¢, 8], 0<e<3d, and therefore D.w"(x) exists and vanishes
for x>0. Thus

Yh(x) = ¢M(x) + J* (x> 0)
where Jh=yh(w0) =M (w0)=pt—u¥ But

0= f Pi®)d" (x) = ut — cius,
0
and p}=pl!, so that pj=pl!/c}=uclf/c}. Thus

I = o (er fer — 1) = wo (Mo/ho — 1).

Conversely, if {,u.f,l)} defines an indeterminate Stieltjes moment problem,
the preceding shows that (3.3) still furnishes a distribution function associated
with {P,(x)}. However, the corresponding moment problem for ks M will
also be an indeterminate Stieltjes moment problem as we now show.

According to a classical criterion of Hamburger, a necessary and sufficient
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condition that the Stieltjes moment problem corresponding to a sequence of
moments {u,} be determined is that at least one of the definite forms

0 0
E sits%x;  and Z Kitj+1%:%;5
i,5=0 i,=0

be “improperly definite” (see [6, p. 75]). Applying this criterion to u,=u

=pn,1, it follows that Z;.L?HH x:; in particular must be “properly definite.”
But ph=p¥ 4+ J% and uf=p¥ (i>0) so that

> pirir; = J o+ 2 Bir i,

2,j=0 %,5=0
It follows that Y ul,, x.x; is also properly definite and {y:‘,} (h# M) defines
an indeterminate Stieltjes moment problem.

A simple example of the systems of polynomials discussed in Theorem 2 is
provided by Q,(x) =4"T,(2x—1), where T,(x) is the Tchebichef polynomial
of the first kind(?). We have d,=1/2,v,,1=1/16,s0 by (W5), M,=1/2 (n20).
It can then be readily verified that corresponding to 0<h¢=1/2,

ho = 27 n(1 — 2he) + 1] [n(1 — 2h0) + 2h0) (n=1,2---),

from which the 42, ¢} and A% can easily be calculated. We omit the results but
note that for k= My=1/2, we have

P (x) = () [@2n) ] P20 — 1) (r = 1/2),
where PP (x) is the Jacobi polynomial.
We next observe a simple separation theorem for the zeros of the poly-
nomials of Theorem 2.

THEOREM 3. Let h={h.} and k={k.} (0<ho<ko) be two parameter se-
quences for {vny1/(dudnyr) }. Let %0, and x%, (v=1, - - -, n) denote the zeros of
Pi(x) and PL(x), respectively, ordered according to ascending magnitude. Let
yu» =1, - - -, n) denote the similarly ordered zeros of Q.(x). Then we have

h
(3.4) 0< x::y < x:v < Vv < Xn+1,v+1 (V = 1) Tty ﬂ).

Proof. From (2.4), it follows that Q,.(x%,) alternates in sign with P, ,(x%,)
and that Q,(x},,,) alternates in sign with Pi(x%,,,) (¢=F, k). Thus by the
classical separation theorem for the zeros of consecutive orthogonal poly-
nomials, it follows that the zeros of Q,(x) separate those of both Pi(x) and
Pi 1 (x). Also, Qu(x%:) <0 and Q. (x}i1441) >0 since xh, <xhy1n41. Thus

3.5) x:,, < Y < x:+1.v+l v=1,---,n;i="hk).

(%) Unless otherwise noted, the notation of [9] will be used for particular classes of or-
thogonal polynomials.
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From (2.5) we have

P:(x) - Pf,(x) = (‘Y:n+1 - ’Y,;n+l)Qn—l(x)-

By (3.1) and (W1), Yoy1=du(1—hu1)>da(1—ka1) =741 Therefore,
Pl(x},) agrees in sign with Q,_i(xf,) which in turn agrees in sign with
PE_ (xt,). Hence x%, <x%, which combined with (3.5) yields (3.4).

REMARK. The conclusions concerning the mutual separation of the zeros
could also be drawn by making the observations that xQ.(x) is a quasi-
orthogonal polynomial of order 41 with respect to the distribution, dy(x),
and that Pi(x) is a quasi-orthogonal polynomial of order # with respect to the
distribution, xdy™(x) (see [6, p. 36]).

4. Some results on chain sequences. We interrupt our study of (1.1) to
establish a few results on chain sequences which will be needed later. Through-
out this section, {a,} denotes a chain sequence with 0<a,<1, and {m,}
and {M.,} denote its minimal and maximal parameter sequences. We also
use the notation, ¢ = ¢,y

LeMMA 1. For every fixed integer kZ0:

(@) {a®} is a chain sequence and it has the parameter sequence {gf," ,
where {g.} is any parameter sequence for {a.};

(b) the maximal parameter sequence for {a®} is { MP};

(c) the minimal parameters, mu,, of {aP} satisfy me, <m®.

Proof. (a) is obvious; (b) follows from (a) and (W2); (c) follows from (a)
and (W1) which shows that m® >0.

LEMMA 2. Assume {an} does not determine its parameters uniquely, and let
{ h,.} be any parameter sequence such that m, <h, < M,. Then lim, ., m,/h,=1.

Proof. a,= (1 —mu_1)m,= (1 —h._1)h,, hence
On = hy — My = hpbn—y + mn—lam
0 é 0p = hnan—l/(l - mn—l)

n—1 hk

n h
~TT—2 s - T

(n=1).
k=11 — my_y k=0 1 — my
Thus
o n—1 hk n—1 hk
0=s1- = < .
hn kI;IO 1—m kH-O 1— I

According to (W2), the last expression tends to zero as n— » which proves
the lemma.

The conclusion of Lemma 2 need not hold if =M as (WS5) shows. In-
deed, we have
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LEMMA 3. lim,.om,/M,=L<1 if and only if lim,., M,=M and
limp .o M, = m where 1/2 < M <1 and m =1 — M (hence also lim, ., @,
=(1-M)M<1/4).

Proof. As in Lemma 2,

my —1 Mk

I1

n k=0 1 —m;

01—

)

so that lim,., m,/M,=L<1 implies lim., My/(1—m;) =1 which in turn
implies lim,., (M,+m,)=1. This together with lim,., m,/M,=L implies
limg.e Mo=(14+L)", limgy . mo=L{A+L)

The converse is obvious.

LEMMA 4. limp.pwan =a of and only of 0 £ a < 1/4 and lim,., M,
= [14+(1—4a)~1/2]/2. Moreover,if My>0,thenlim, .,m,= [1— (1 —4a)~1/2]/2,

Proof. Assume first that 0 <a <1/4 and select ¢>0 such that 0<e—e<
a+e<1/4. Then for k=k(e) sufficiently large,

a—e<a,(‘k)<a+e (n = 0).

Let m,) and M,/ , m,!’ and M,!’, denote the nth minimal and maximal param-
eters, respectively, of the chain sequences, {a—e} and {a+e}. Then by
(W3), we have

mi S <ml <Ml S MY < M/ (n 2 0),

where my, has the same meaning as in Lemma 1. Thus by (W35)

1
7 {1 + [1 — 4(a — e)]”z} < lim inf M,(.k) < lim sup M,(.k)

n— 0 n— 0

S — {1+ 1= 4+ 9]},

Since M® = M, 4, it follows that lim,., M,=[1+4(1 —4a)!/2]/2. Similarly,
it follows that lim,., 74, = [1—(1—4a)'/2]/2. Therefore, if {a,} does not
determine its parameters uniquely (M,>0), then {mf,')} is a nonmaximal
parameter sequence for {a®} and by Lemma 2, the desired conclusion for
{m.} follows.

The case a=0 is handled in the same way except that ¢ —e is replaced by
0. The case a=1/4 is similarly treated using only the inequality, 1/4—e¢

<a{®, which leads to

ml <me < My < [1+ (4902,

from which the desired conclusion follows.
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Again, the converse is obvious.
Comparing Lemmas 3 and 4, we see that if {a,} does not determine its
parameters uniquely, then
lima, =a¢ = 1/4= lim m,/M, =L =<1 (a= L1+ L)),
7n— 0 7n— o

while the reverse implication holds if L <1 (¢ <1/4). The following example
shows that the reverse implication need not hold if L=1.

Let
a = 1/4, az = (n+ 1)72 a1 = n(n + 2)7! (nz1).
Then
mo=0, Moy =n2m24+n+2)"Y mum=m+n+ 2)(n+ 2)"n+ 1)72
Mo=1/2, Mo =n(n—+ 1)1 M= (n+ 1)~ (n = 1).

Thus lim, ., m,/M,=1 while lim, ., a, does not exist.
5. On the true interval of orthogonality. We now return to the polynomials
defined by (1.1) and consider their true interval of orthogonality, (a, b).
Suppose first that a is finite. Then the polynomials defined by P, i(x)
= P,(x+a) are orthogonal on (0, b—a) and satisfy

Pﬂ.l(x) = (x - Cn’)Pn—l,l(x) - AnPn_z,l(x), Cn' = ¢y — @,

so that ¢,>a and {M.1/(c chy1)} is a chain sequence.

Similarly, if b is finite, we consider the polynomials, P, (x)
=(—1)"P,(b—x), which are orthogonal on (0, b—a), and conclude that
b>c, and that {\.41/(cl/ c/v1) }, where ¢!’ =b—c,, is a chain sequence.

Thus we clearly have

LemMa 5. Let (a, b) denote the true interval of orthogonality of {P,.(x)}.
Then a is the maximum value of ¢ for which c,>c and { i1/ [(ca—c)(cns1—0)]}
is a chain sequence, while b is the minimum value of d for which d>c, and
M1/ [(@—ca)(d—cni1) ]} is a chain sequence. If such ¢ (d) do not exist, then
a (b) is — o (+=).

Thus, for example, (a, b) =(— ©, «) in case either

lim sup ¢, = — liminf¢, = o,
or
limsup A, = © and lim inf Apy1/(CaCngr) > 1/4.

n—rx n—w

In the latter case, the assertion follows from (W4) and Lemma 4.

On the other hand, (g, b) is bounded if and only if both {c,} and {\,} are
bounded (as is known).

We turn now to the case where a is finite. Throughout the remainder of
this paper, the following notation will be used.



1962] CHAIN SEQUENCES AND ORTHOGONAL POLYNOMIALS 11

For any number sequence {a,}, a® =a, .

P®(x) denotes the nth polynomial satisfying (1.1) with ¢, and X\, replaced
by ¢® and AP, respectively; PO (x)=P,(x). (Thus the P®(x) are the
“numerator polynomials” [5] of the P®~?(x).)

(a®, b®) denotes the true interval of orthogonality of {P,(," (x)}; (@, b®)
=(a, b).

an = Ang1/(Calni1) ;@ = {a,.}.

e denotes the class of all chain sequences, {a.}, such that 0<a,<1. If
be e, then m,(b) and M, (b) denote the nth minimal and maximal parameters
of b and we write 8,(b) = M,(b) —m.(b).

LEMMA 6. Let €€, ¢,>0 (n=1). Then

call = [4a*/ (5% + 4a®)]"}

where cx=inf{c,}, a* =sup{a.}, Sx=inf{8.(c)}.

Proof. The inequality, a ¢y, is obvious since by Lemma 5 we must have
c,>a for all n. The first inequality is also trivial if cx=0; hence assume
¢x>0 and let

an(c) = >\n+1/[(0n — ¢)(tnp1 — C)], 0=c¢<eca
Then

1 1 c
(5.1)  anlc) —an= ca,,{ + + } .

a—C Cap1—C  (cn — €)(Cap1 — ©)

A little calculation now shows that for ¢ < C,

a(c) — an S ca*(2cx — ¢)(cx — c)—2 =< 51/4,

hence

0 = an(6) S an + 04/4 = o + 8u_1(0)du(c)/4 = B,

where 8,=(1—gs.-1)g. and g,=(M,+m,)/2. Thus by (W4), {a,,(c) } €e for
¢ =< C and hence by Lemma 5, a=C.

REMARK. The example, ¢c,=k>0, N\,;1=Ak2, 0<A<1/4, shows that the
equality, e =C, is possible since we then have

o =a, =A< 1/4, S =(1—4N)"(by (W5)), C==k(1— 222,
while
P.(x) = 27U.(1), t = (x — k)/(2k\'7),

where U,(x) is the Tchebichef polynomial of the second kind.
THEOREM 4. Let aE @R, ¢,>0 (n21).
(a) If inf{c.} =0, then a=0;
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(b) If inf{c.} >0 and sup{c.} < ©, then a necessary and sufficient condi-
tion for a=0 s inf{§.(c) } =0.
If sup{ca} = o, 80>0, this condition is only necessary.

Proof. (a) follows trivially from Lemma 6. Hence suppose inf{cn} >0.
Then by Lemma 6 again, ¢ =0 implies inf { Bn(a)} =0.

Conversely, if inf{8.(ac)} =0 and sup{c.} <=, then either §,=0, in
which case ¢ =0 by Theorem 1, or 8,(a) >0 for all #. In the latter case, con-
sider a chain sequence, {ﬁ,.} , such that a,=B.<1. Let B,=(1—hp-1)k,,
Bu/an=1+€, (.>0). By (W3), m,=mn(a) Sh, < M,(a)=M,, and we must
have

L4 &= (1 = b)) b/ [l = ma_s)ma] < ho/ma;
hence
ha
14 e

My <

Also,
1t en= (1= h)ba/[(1 = Mas)Ma] £ (1 = ko) /(1 — Maoy),

hence

M,,_l g €n + hn—l .
1+ e
Therefore
€nt1 + hn hn > €n

Sa(a) =

1htems 1+e 1+en

where e, =min(e,, €.41). It follows that if inf{3,(e) } =0, then

€én €n (279
inf { } = inf{ } = inf{l - —} = 0.
1 + €n 1 + €n Bﬂ

But by (5.1), inf{a.(c)/a.} >1 for ¢>0. It follows that {oe,,(c)} € e for any
¢>0, hence by Lemma 5, a=0.

REMARK. That the condition in (b) is not sufficient for a =0 when sup{c. }
= o can be seen by considering the polynomials, P,(x) =(—1)"n!L,(x—a),
where ¢>0 and L,(x) is the Laguerre polynomial. In this case, we have
a€ e, lim,.. a,=1/4, so that inf{&,.(a)} =0 although a>0.

LEMMA 7. a® VY =Za® (k=1). If the Hamburger moment problem associated
with { Pa(x)} is determined and if Y is the associated distribution function, the
spectrum of Y contains at most k points less than a®; hence the specirum of ¥
has no limit points less than lim;.,, a®,
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Proof. The inequality, a®*~V <a®, is known [5] and follows from the well
known facts that the zeros of orthogonal polynomials are interior to their
interval of orthogonality and that the zeros of P®,(x) separate those of
P& V(x). It also follows that P*~?(x) has at most one zero smaller than a®.
Thus P.(x) has at most & zeros less than a®, Since for a determined moment
problem every point of the spectrum of Y is a limit point of the zeros of the
P.(x) [6, Lemma 4.3], it follows that the spectrum of ¥ contains at most &
points smaller than a®,

THEOREM S. Let €@, ¢,>0 (n=1).

If sup{c,.} < «, then a necessary and sufficient condition for the distribu-
tion function ¥ associated with {P,.(x)} to have a jump at 0 and be constant
on an interval (0, a’), a’ >0, is

(5.2) inf{ca} >0, =0, inf{M —mn} >0,

where, as in Lemma 1, mi,=m.(a®), a® = {aP}.
If sup{c.} = © and if the associated Hamburger moment problem is deter-
mined, (5.2) is sufficient but not necessary.

Proof. Let sup{c.} < so that (g, b) is bounded and the associated
moment problem is determined. If ¢ has the property stated in the theorem,
then by Theorem 1, {a,} determines its parameters uniquely; that is, §,=0.

Since ¢ is constant on (0, a'), P.(x) has at most one zero in (0, a’) [9,
Theorem 3.41.2]. Hence, as in the proof of Lemma 7, the spectrum of the
distribution function, ¢V, associated with {Pf‘l) (x)} contains at most one
point less than a’. But ¢ and ¢ cannot have a common discontinuity [1,
Theorem 3], hence it follows that a¥ >0. Then by Theorem 4(a), inf{c,(,‘)
>0, and therefore by Theorem 4(b), inf{ M —ml,,} =0. Since by hypothesis,
¢1>0, the necessity of (5.2) is proved.

Conversely, suppose the conditions of (5.2) are satisfied. Then by Theo-
rem 1, a=0, and by Theorem 4, a®¥ >0. Therefore, if we are dealing with a
determined Hamburger moment problem, by Lemma 7, ¥ must be constant
on (0, a'V) and have a jump at 0.

REMARK. If we consider a set of polynomials such as the Laguerre poly-
nomials with the interval of orthogonality translated to, say, (1, «), then
we can construct a corresponding set of co-recursive orthogonal polynomials
whose true interval of orthogonality is (0, ©) [1]. The associated distribution
function would then be constant on (0, 1) and have a jump at 0 and be the
solution of a determined moment problem. However, for the Laguerre poly-
nomials, and hence for the co-recursive polynomials, we have lim, ., a,=1/4
so by Lemma 4, lim,., [M® —m;,] =0 which shows that the conditions of
Theorem 5 are not necessary in the case of an infinite interval.

6. Some special cases. We consider some special hypotheses on {c,} and
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{)\,.} for which the associated distribution functions have denumerable
spectra. Throughout the remainder of the paper, we assume that (1.1) is
associated with a determined Hamburger moment problem and denote by ¢
the corresponding distribution function which is uniquely determined up to
an arbitrary positive factor.

THEOREM 6. Let ¢ and 7 denote the least and greatest limit points of the
spectrum of Y. Then
o S liminf¢, £ limsupe¢, < 7.
71— ®© n— o
Proof. Assume ¢ and 7 are finite. Then given >0, Y has only finitely
many points of increase on the complement of [¢c—¢, 7+¢]. Let § <& < - - -
< £, denote the points of increase (if any) of Y which are less than ¢ —e. Then
¥ is constant on (&;, £:41) and (£, ¢ —¢), hence P,(x) has at most one zero on
each of these intervals. Thus if x,,; are the zeros of P,(x) as in Theorem 3,
then since £; is a limit point of the zeros,
£ <x,; and lim x,; = § G=1--,9).

n— o

Thus there exists N1= Ni(e) such that

(6.1) —e < i (®n,i = Xn1,0) <0 (n = Ny).

i=1

If the &; do not exist, we take p =0 and neglect (6.1).
Similarly, if ¥ has points of increase n,1< - - - <m<7o greater than
7+¢, we conclude as before that

Fun— <n; and  lm xppy=m9; (G=0,---,¢9—1),

n— o

and hence that there exists Ny= Nj(e) such that
q—1

(6.2) 0 < 3 (®ninej = Fnorno1y) < € (n = N»),
=0

where we take ¢=0 and neglect (6.2) if the 5, do not exist.
Finally, we have for = max(N;, N)

06— €< Xnpt1 < Fnctprl < Tnprz < * 0 0 < Xn1ynege1 < Xnn—g < T+ ¢
hence
n—gq n—gq—1
6.3) G—€e< D Knp— O Xnapx <THe
k=p+1 k=p+1
Combining (6.1), (6.2), and (6.3), we conclude that
(6.4) o < liminf 2, < limsup 2, < 7,

n— o n— o
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where Z,= D 7, %,.i— D 7=1 %._1,;. But by (1.1), the coefficient of x"! in
P.(x) is — > 21 &, hence Z,=c, so (6.4) yields the desired result.

If o or 7 is infinite, the above proof requires only some notational modifi-
cation,

THEOREM 7. Let lim,., N.=0, let ¢ and 7 have the same meaning as in
Theorem 6. Then

¢ = liminf¢, and limsupec, = 7.

Proof. Suppose lim inf, ., ¢,=Cs> — . Then there exists s= — Cx such
that ¢; =¢c,+5s>0 and {)\n+1/(c,,’ c§,+1)} = {a,,,(—s) } &¢€. The corresponding
polynomials, P,(x—s), are then orthogonal on (a+s, b+s)C(0, ») with
respect to the distribution, dys1(x) =dy¢(x—s). Now if lim inf,., (c.+s) =0,
then by Theorem 4, a+5=0, hence Cx= —s=a Z¢. Otherwise, C«+s>0 and
in this case, {a{”(—s)} is a null sequence for every k. Then by Lemma 6
applied to {aP(—s)},

(6.5) inf {(c,(,k) + s)}ok(s) < P +s5 = inf{(c,(.k) + s)},

where, since we have a null sequence, 6:(s) is an expression which tends to 1
as k— ., Thus limy,, a® = Cy and by Lemma 7, C«<o.

If lim sups.e¢. = C* < o, we consider the chain sequence
{M1/[(t—cn)(t—Car1) ]} corresponding to Ya(x) =y(t—x), where ¢ is a
sufficiently large number, and conclude that ¥, has at most denumerably
many points of increase less than t—C* from which it follows that t—7
=t—C*. Thus we have

CsyZo=7=ZC*

which combined with Theorem 6 establishes the theorem.

As an immediate corollary to Theorems 6 and 7, we have the following
result which is equivalent to a theorem of Stieltjes on continued fractions
[3, pp. 560-566], the equivalence following from the well known relation
between the continued fraction (1.2) and the distribution function for the
corresponding orthogonal polynomials. (Dickinson, Pollak and Wannier [2]
have recently given a constructive proof, without reference to continued
fractions, of a special case of the sufficiency portion of this theorem.)

THEOREM [STIELTJES ). Let { R.(x)} denote a set of orthogonal polynomials
defined by (2.3). Then a necessary and sufficient condition for the associated dis-
tribution function ¢ to have a denumerable spectrum whose only limit point is 0
25 limg, .o ¥, =0.

Proof. The sufficiency follows immediately from Theorem 7 by taking
€2 =0, Mt1=7n41 (m=1). To prove the necessity, we consider the polynomials,
P,(x), related to the R,(x) by (2.2). Since the spectrum of the distribution
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function associated with the P,(x) has 0 as its only limit point, we conclude
from Theorem 6 that lim, ., ¢, =0 from which, by (2.6), the theorem follows.

According to Theorem 7, if lim,., ca=c (and lim,., A\,=0), then the
spectrum of ¥ is a denumerable set whose only limit point is ¢. This holds in
particular if c= «. However, in this case we have the following more general
result.

THEOREM 8. Let limy.qp €= % and lim supp.e M1/ (CnCar1) <1/4. Then
the spectrum of Y is a denumerable set whose only limit point is «. (As through-
out this section, we assume that the associated Hamburger moment problem is
determined.)

Proof. For a sufficiently large s, ¢c,+5>0, a,(—5) Sr<1/4 (n=1), where
a,(—s) is defined as in Lemma 6. Thus by (W4) and (W5), {a.(—s)} €€
and we have (6.5) again where by (W35) inf { 0,,} =R>0. Then lim;., a® = o
and the theorem follows from Lemma 7.

It is interesting to compare the familiar Laguerre and Charlier poly-
nomials with the orthogonal polynomials, studied by Gottlieb [4], which
satisfy (1.1) with ¢ppi=@me*+n+1)(*—1)71, Ma=n2er(e—1)"2 A>0). In
the Laguerre and Charlier cases, lim,.., a.=1/4 and 0, respectively, while
in the Gottlieb case, the corresponding limit is e*(e*+1)~2 Thus the “relative
growth” of the coefficients in (1.1) for the Gottlieb polynomials stands be-
tween those of the Laguerre and Charlier polynomials but, as predicted by
Theorem 8, the distribution function is similar to that of the Charlier case,
being constant except for jumps of magnitude e atx=0,1,2, - - -,

REFERENCES

1. T. S. Chihara, On co-recursive orthogonal polynomials, Proc. Amer. Math. Soc. 8 (1957),
899-905.

2. D. J. Dickinson, H. O. Pollak and G. H. Wannier, On a class of polynomials orthogonal
over a denumerable set, Pacific J. Math. 6 (1956), 239-247.

3. J.Favard, Sur les polynomes de Tchebicheff, C. R. Acad. Sci. Paris 200 (1935), 2052-2053.

4. M. ]. Gottlieb, Concerning some polynomials orthogonal on a finite or enumerable set of
points, Amer. J. Math. 60 (1938), 453-458.

5. J. Sherman, On the numerators of the convergents of the Stieltjes continued fractions, Trans.
Amer. Math. Soc. 35 (1933), 64-87.

6. J. Shohat and J. Tamarkin, The problem of moments, Math. Surveys No. 1, Amer.
Math. Soc. New York, 1943.

7. E. L. Stiefel, Kernel polynomials in linear algebra and their numerical applications, Nat.
Bur. Standards Appl. Math. Ser. 49 (1958), 1-22.

8. T. ]. Stieltjes, Recherches sur les fractions continues, Oeuvres, Tome II, Noordhoff,
Groningen, 1918, pp. 402-566.

9. G. Szegd, Orthogonal polynomials, Amer. Math. Soc. Collog. Publ. Vol. 23, Amer. Math.
Soc., New York, 1939.

10. H. S. Wall, Analytic theory of continued fractions, Van Nostrand, New York, 1948.

SEATTLE UNIVERSITY,
SEATTLE, WASHINGTON



